1. Introduction. In connection with some recent unpublished investigations concerning the Riemann hypothesis one of us raised the question whether log p n is convex for sufficiently large n, or at least whether it has few points of inflexion. (Throughout this paper £i = 2, £2 = 3, • • • , p n , • • • denotes the sequence of primes.) In other words: Is it true that the inequalities
Pn-l'pn+l > Pn, pm+lpm-1 < pm both have infinitely many solutions? We shall show that the answer is affirmative. A still simpler question is whether the sequence of primes itself is convex or concave from a certain n on. We shall prove that this is not so, that is, the equations
/oN
Pn-l + Pn+l pm-1 + pm+1
(2) * > Pn, ~ < Pm have infinitely many solutions.
1
If the well known hypothesis about prime twins is true, that is, if the equation p n +i-pn -2 has infinitely many solutions, (1) and (2) of course are trivially satisfied.
The first inequality of (2) is inserted only for the sake of completeness. It follows from the well known fact that lim sup (p n +i-pn) = °° (since n\+2, n\+3, •••,»!+» are all composite). The proof of the other inequalities will be simple, but less trivial.
Clearly (1) and (2) is a consequence of (3) and (4), and that it suffices to prove (3) for t<0 and (4) An elementary proof of (3) and (4) is given in §2. The only result we use about primes is that
This can be found in the first pages of Ingham's book The distribution of prime numbers. {ir(x) denotes the number of primes not exceeding x.) All these questions can be investigated by a method which is less elementary than that given in §2, but which perhaps can be used to attack some of the unsolved problems which can be raised here. Only (2) is treated by this method (in §3).
In §4 we state without proof some results about the number of solutions of (3) and (4). Finally we state some unsolved problems, which are natural generalizations of our theorems.
Elementary proofs.
THEOREM 1. The inequalities (3) and (4) have infinitely many solutions.
We need the following lemma.
LEMMA. Let A>0 be any constant. Then the inequalities 1/2 (6) pk ~ pk-l < Pk+l -pky Pk -Pk-l < Apk , , 1/2 (7) pk+l ~ pk < pk -pk-l, Pk+l -pk < Apk have infinitely many solutions.
The proof of (6) is quite trivial. It follows from (5) that for infinitely many m and a suitable c*, p m +i-pm<c* log p m . Determine the least k>mîor which pk+i-pk>pm+i-pm-Then clearly p k~i , pk, pk+i satisfy (6). Now we prove (7). Assume that (7) has only a finite number of solutions (that is, there are no solutions for p>po). Let m be large and pm+i-pm<C2 log p m . Let p r be the smallest prime greater than p]i 2 . Then clearly
For if not let & (r<k^m) be the greatest index for which pk+i-Pk <pk-pk-i-Then clearly £*_!> p k} p k+ i satisfy (7) 
can not all be primes). Hence we obtain from (8) that
which contradicts (5), and completes the proof of the lemma. Now we can prove Theorem 1. Since, for a>0, i>0,
is an increasing function of t, it suffices to prove (3) if / is a negative integer not greater than -2, say /= -Z. Let pk-i, pk, pk+i satisfy (6) with A <l/2l 2 . Then we show that they also satisfy (3).
is an increasing function of a and b it will clearly be sufficient to show that (3) is satisfied in case pk+i-pk -w+1. Thus we have to show that (£= -Z=S -2)
Thus it suffices to show that
which is clearly satisfied for u<p\ /2 /2l 2 , which proves (3). Now we prove (4). Assume that pk-i, Pk> pk+i satisfy (7) with A <l/2t 2 . Put pk+i-pk~u. As before it suffices to consider the case pk-pk-i-u + 1 and t*z2. Then we have to show that
We have as in (8) 
Thus from (8) and (9) (pk -(* + 1))'
which proves (4) The inequalities in both theorems are best possible in the following sense: For every c there exists a sequence ai<#2< • • • of integers with ajfe<& 2 /4(l-/)-ck for all k, the a's not forming an arithmetic progression from a certain point on, and so that (11) has only a finite number of solutions. The same holds for (12).
REMARK. It follows from (S) and our lemma (in §2) that Theorem 1 is a consequence of Theorems 2 and 3.
We prove Theorem 2 only in the special case t = 0 ; the proof of the general case and that of Theorem 3 is similar but requires slightly longer calculations. It is well known that for / = 0 the left side of (11) 2 not) does not exceed 2. Thus we evidently have a&>fe 2 /4 -ck for sufficiently large c, an evident contradiction. This completes the proof. The sequence n 2 , n(n+l) with an arbitrary finite set added to it shows that the result is best possible.
3. Analytical proof. Now we give an alternative proof of (2) which uses deeper tools. We use the prime number theorem for arithmetic progressions in the form given by A. Page
where T(X, k, I) denotes the number of primes not exceeding x which are congruent to / (mod k) (we assume (k } I) = 1) and «i, • • • are independent of x, k and /. We also need the following result due to Kusmin:
4 Let ft, ft, •• -, ft be real and pgft-ftâ • • • ^ft-ft-i gl-y (0^gl/2). Then We are going to show that for sufficiently large x there exist primes (17) x g pk-i < ph < pk+i ^ 4* so that p k +i -pk < pk -pk-u
Suppose (17) is not satisfied. Let x be sufficiently large, and consider the primes
Since we assume that (17) is false, we have (19) pj+2 -Pj+i S p2+* -" Pi+2 < * ' * < Pj+H+E -pj+H+B-1*
We evidently have Let q be any prime satisfying 12 log x<q<4t0 log x (such a g exists for sufficiently large x). We evidently have
where the prime indicates that the summation is extended over the pyzsl (mod q) with j+1 ^v^j+H. We have by (IS)
(log log a;)
Thus from (23) To obtain a clear perspective of the history of this special subject the reader may consult the interesting accurate paper by R. C. Archibald.
1 Without any superior value of p, it has been shown by E. Lucas that the prime or composite character of a number of the form 2 P -1 (p prime) may be investigated by employing the sequence 3, 7, 47, 2207, • • • when p is of the form 4n -l, and the sequence 4, 14, 194, 37634 
